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Abstract

In this paper, we will provide a novel bit exchange protocol that allow Alice and
Bob, each of whom is given a length n bit string, to find the first differing bit in
their strings using only n + O(1) bits.

1 Setup

Alice and Bob each have a length n bitstring. They would both like to know the first
location their two strings differ, or whether they are the same strings. They can commu-
nicate via a channel by sending bits to each other. What is the minimum number of bits
they need to exchange to determine this information?

This problem appeared on a problem set for Mark Braverman’s class at Princeton
University, where it was claimed that Alice and Bob could each use n + lg lg n bits. In
this paper, we present a new protocol where Alice and Bob can each use at most n + 2
bits.

2 The Protocol

2.1 Preliminaries

Let Ai denote Alice’s ith bit, and let Bj denote Bob’s jth bit.

2.2 The Protocol

1. On turns 2i−1 (for all 1 ≤ i ≤ n/2), Alice sends Bob the bit A2i−1, until she notices
that Bob has sent her a bit on turn 2j that differs from Alice’s 2jth bit. Once Bob
has done this once, Alice sends Bob the bit A2j−1 on the rest of her turns.
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Call an event where Alice receives a bit on turn 2j that differs from A2j a break.
Define the location of this break to equal 2j.

2. On turns 2j (for all 1 ≤ j ≤ n/2), Bob sends Alice the bit B2j, until she notices
that Alice has sent her a bit on turn 2i−1 that differs from Bob’s 2i−1st bit. Once
Alice has done this once, Bob forever after sends Alice the bit B2i−2 (which defaults
to 1 if i = 1) on the rest of his turns.

In a slight overload of notation, call an event where Bob receives a bit on turn 2i−1
that differs from B2i−1 a break. Define the location of this break to equal 2i− 1.

3. At the end of their protocol, Alice and Bob send each other a bit indicating whether
or not they’ve noticed a break, where a 1 indicates that they have seen a break, and
a 0 indicates otherwise.

If Alice and Bob both send a 1 bit in the last step, anyone reading the bits exchanged
over the channel (including Alice and Bob) can identify the location of Alice’s first seen
break, as well as Bob’s first seen break; they simply observe when they start sending the
same bit until the end of the protocol. If Alice’s break occurs before Bob’s, then the
location of Alice’s break is the first difference between the bitstrings. Likewise if Bob’s
break occurs before Alice’s break, then the location of Bob’s break is the first difference
between the bitstrings.

If Alice sends a 1 bit in the last step, but Bob does not, then the location of Alice’s
first break (which can be seen by anyone reading the channel) is the first location that
their bit strings differ at. When Bob sends a 1 bit in the last step but Alice does not, the
location of Bob’s first break is the first location their bit strings differ at.

If Alice and Bob both send a 0 bit in the last step, then their two bit strings are the
same.

Proof. If Alice and Bob’s bitstrings differ, then neither Alice nor Bob will notice a break
before the first differing bit. However, one of Alice or Bob mustl notice a break at the
location the bit strings differ, and thus will start sending only one bit for the rest of the
protoco (besides for the last step where they swap bits indicating whether or not they’ve
noticed any breaks). This makes it clear to anyone observing the channel where Alice or
Bob noticed the break. Therefore the first break observed by either Alice or Bob is the
location of the first differing bit, if their bitstrings differ. If their bitstrings are the same,
then neither player will observe a break, and they will both send 0 bits in the last step.
The total number of bits sent is n + 2, as desired.

2.3 An example

Suppose Alice’s bitstring is
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11011

and Bob’s bitstring is

11111

.
Then

1. Alice will send 1, her first bit.

2. Bob will send 1, his second bit.

3. Alice will send 0, her third bit.

4. Bob will send 0, the opposite of his previously sent bit, since he noticed that the bit
Alice sent on turn 3 disagrees with his third bit.

5. Alice will send 1, the opposite of her previously sent bit, since the bit Bob send on
turn 4 disagrees with his 4th bit.

6. Bob will then send 1 to indicate that he has seen a break.

7. Alice will send 1 to indicate she has seen a break.

8. By looking at only the bits exchanged, we can determine that Alice’s break occurs
at location 4, while Bob’s break occurs on turn 3. Since 3 < 4, we can deduce that
the first place Alice and Bob’s bitstrings differ is at the 3rd bit.
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